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1 Model

1.1 Gauge groups

Name Type Abelian Coupling constant

U1Y U(1) True g1 →
√

5
3
g1

SU2L SU(2) False g2

SU3c SU(3) False g3

1.2 Fermions

Name Generations U1Y × SU2L × SU3c

Q 3 (+1
6
, 2, 3)

L 3 (−1
2
, 2, 1)

uR 3 (+2
3
, 1, 3)

dR 3 (−1
3
, 1, 3)

eR 3 (−1, 1, 1)

1.3 Scalars

Name Complex Expression Generations U1Y × SU2L × SU3c

H True 1√
2
(Π + iΣ) 1 (+1

2
, 2, 1)

2 Lagrangian

2.1 Definitions

H̃ i = ϵi,jH
†
j

2.2 Yukawa couplings

−LY = + Yuf1,f2H̃iQf1,i,auRf2,a + Ydf1,f2Qf1,i,aHidRf2,a + Yef1,f2Lf1,iHieRf2 + h.c.



2.3 Quartic couplings

−LQ = + λH†
iHiH

†
i1
Hi1

2.4 Scalar mass couplings

−Lsm = − µH†
iHi

3 Renormalization Group Equations

3.1 Convention

β (X) ≡ µ
dX

dµ
≡ 1

(4π)2
β(1)(X) +

1

(4π)4
β(2)(X)

3.2 Definitions and substitutions

Yu =

0 0 0
0 0 0
0 0 yt

 , Yd =

0 0 0
0 0 0
0 0 yb

 , Ye =

0 0 0
0 0 0
0 0 yτ


3.3 Gauge couplings

β(1)(g1) =
41

10
g31

β(2)(g1) = +
199

50
g51 +

27

10
g31g

2
2 +

44

5
g31g

2
3 −

17

10
g31 |yt|

2 − 1

2
g31 |yb|

2 − 3

2
g31 |yτ |

2

β(1)(g2) = −19

6
g32

β(2)(g2) = +
9

10
g21g

3
2 +

35

6
g52 + 12g32g

2
3 −

3

2
g32 |yt|

2 − 3

2
g32 |yb|

2 − 1

2
g32 |yτ |

2

β(1)(g3) = −7g33

β(2)(g3) = +
11

10
g21g

3
3 +

9

2
g22g

3
3 − 26g53 − 2g33 |yt|

2 − 2g33 |yb|
2



3.4 Yukawa couplings

β(1)(yt) = +
9

2
yt |yt|2 + yt |yτ |2 +

3

2
yt |yb|2 −

17

20
g21yt −

9

4
g22yt − 8g23yt

β(2)(yt) = − 12yt |yt|4 −
1

4
yt |yb|4 −

9

4
yt |yτ |4 −

11

4
yt |yb|2 |yt|2 +

5

4
yt |yb|2 |yτ |2 −

9

4
yt |yt|2 |yτ |2

− 12λyt |yt|2 + 6λ2yt +
393

80
g21yt |yt|

2 +
225

16
g22yt |yt|

2 + 36g23yt |yt|
2 +

15

8
g21yt |yτ |

2

+
15

8
g22yt |yτ |

2 +
7

80
g21yt |yb|

2 +
99

16
g22yt |yb|

2 + 4g23yt |yb|
2 +

1187

600
g41yt −

9

20
g21g

2
2yt

+
19

15
g21g

2
3yt −

23

4
g42yt + 9g22g

2
3yt − 108g43yt

β(1)(yb) = +
3

2
yb |yt|2 +

9

2
yb |yb|2 + yb |yτ |2 −

1

4
g21yb −

9

4
g22yb − 8g23yb

β(2)(yb) = − 11

4
yb |yb|2 |yt|2 −

1

4
yb |yt|4 +

5

4
yb |yt|2 |yτ |2 − 12yb |yb|4 −

9

4
yb |yτ |4 −

9

4
yb |yb|2 |yτ |2

− 12λyb |yb|2 + 6λ2yb +
91

80
g21yb |yt|

2 +
99

16
g22yb |yt|

2 + 4g23yb |yt|
2 +

237

80
g21yb |yb|

2

+
225

16
g22yb |yb|

2 + 36g23yb |yb|
2 +

15

8
g21yb |yτ |

2 +
15

8
g22yb |yτ |

2 − 127

600
g41yb −

27

20
g21g

2
2yb

+
31

15
g21g

2
3yb −

23

4
g42yb + 9g22g

2
3yb − 108g43yb

β(1)(yτ ) = + 3yτ |yt|2 + 3yτ |yb|2 +
5

2
yτ |yτ |2 −

9

4
g21yτ −

9

4
g22yτ

β(2)(yτ ) = − 27

4
yτ |yt|2 |yτ |2 +

3

2
yτ |yb|2 |yt|2 −

27

4
yτ |yb|2 |yτ |2 −

27

4
yτ |yt|4 −

27

4
yτ |yb|4

− 3yτ |yτ |4 − 12λyτ |yτ |2 + 6λ2yτ +
17

8
g21yτ |yt|

2 +
45

8
g22yτ |yt|

2 + 20g23yτ |yt|
2

+
5

8
g21yτ |yb|

2 +
45

8
g22yτ |yb|

2 + 20g23yτ |yb|
2 +

537

80
g21yτ |yτ |

2 +
165

16
g22yτ |yτ |

2

+
1371

200
g41yτ +

27

20
g21g

2
2yτ −

23

4
g42yτ

3.5 Quartic couplings

β(1)(λ) = + 24λ2 − 9

5
g21λ− 9g22λ+

27

200
g41 +

9

20
g21g

2
2 +

9

8
g42 + 12λ |yt|2 + 12λ |yb|2 + 4λ |yτ |2

− 6 |yt|4 − 6 |yb|4 − 2 |yτ |4



β(2)(λ) = − 312λ3 +
108

5
g21λ

2 + 108g22λ
2 +

1887

200
g41λ+

117

20
g21g

2
2λ− 73

8
g42λ− 3411

2000
g61

− 1677

400
g41g

2
2 −

289

80
g21g

4
2 +

305

16
g62 − 144λ2 |yt|2 − 144λ2 |yb|2 − 48λ2 |yτ |2 +

17

2
g21λ |yt|

2

+
5

2
g21λ |yb|

2 +
15

2
g21λ |yτ |

2 +
45

2
g22λ |yt|

2 +
45

2
g22λ |yb|

2 +
15

2
g22λ |yτ |

2 + 80g23λ |yt|
2

+ 80g23λ |yb|
2 − 171

100
g41 |yt|

2 +
9

20
g41 |yb|

2 − 9

4
g41 |yτ |

2 +
63

10
g21g

2
2 |yt|

2 +
27

10
g21g

2
2 |yb|

2

+
33

10
g21g

2
2 |yτ |

2 − 9

4
g42 |yt|

2 − 9

4
g42 |yb|

2 − 3

4
g42 |yτ |

2 − 3λ |yt|4 − 42λ |yb|2 |yt|2 − 3λ |yb|4

− λ |yτ |4 −
8

5
g21 |yt|

4 +
4

5
g21 |yb|

4 − 12

5
g21 |yτ |

4 − 32g23 |yt|
4 − 32g23 |yb|

4 + 30 |yt|6

− 6 |yb|4 |yt|2 − 6 |yb|2 |yt|4 + 30 |yb|6 + 10 |yτ |6

3.6 Scalar mass couplings

β(1)(µ) = − 9

10
g21µ− 9

2
g22µ+ 12λµ+ 6µ |yt|2 + 6µ |yb|2 + 2µ |yτ |2

β(2)(µ) = +
1671

400
g41µ+

9

8
g21g

2
2µ− 145

16
g42µ+

72

5
g21λµ+ 72g22λµ− 60λ2µ+

17

4
g21µ |yt|2

+
5

4
g21µ |yb|2 +

15

4
g21µ |yτ |2 +

45

4
g22µ |yt|2 +

45

4
g22µ |yb|2 +

15

4
g22µ |yτ |2 + 40g23µ |yt|2

+ 40g23µ |yb|2 − 72λµ |yt|2 − 72λµ |yb|2 − 24λµ |yτ |2 −
27

2
µ |yt|4 − 21µ |yb|2 |yt|2

− 27

2
µ |yb|4 −

9

2
µ |yτ |4

3.7 Vacuum-expectation values

Definitions:

H :
1√
2
Π2 →

1√
2
(Π2 + v)

RGEs:

β(1)(v) = +
9

20
g21v +

3

20
ξg21v +

9

4
g22v +

3

4
ξg22v − 3v |yt|2 − 3v |yb|2 − v |yτ |2

β(2)(v) = − 1293

800
g41v +

9

200
ξg41v +

9

200
ξ2g41v −

27

80
g21g

2
2v +

9

20
ξg21g

2
2v +

9

20
ξ2g21g

2
2v +

271

32
g42v

+
27

8
ξg42v −

17

8
g21v |yt|

2 − 9

10
ξg21v |yt|

2 − 5

8
g21v |yb|

2 − 9

10
ξg21v |yb|

2 − 15

8
g21v |yτ |

2

− 3

10
ξg21v |yτ |

2 − 45

8
g22v |yt|

2 − 9

2
ξg22v |yt|

2 − 45

8
g22v |yb|

2 − 9

2
ξg22v |yb|

2 − 15

8
g22v |yτ |

2



− 3

2
ξg22v |yτ |

2 − 20g23v |yt|
2 − 20g23v |yb|

2 +
27

4
v |yt|4 −

3

2
v |yb|2 |yt|2 +

27

4
v |yb|4

+
9

4
v |yτ |4 − 6λ2v
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